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1 Introduction

In February 2001, the Muon (g-2) Collaboration of the E821 experiment at the Brookhaven AGS
released a new value of the anomalous magnetic moment of the muon, measured with an unprece-
dented accuracy of 1.3 ppm. This announcement has caused quite some excitement in the particle
physics community. Indeed, this experimental value was claimed to show a deviation of 2.6 o with
one of the most accurate evaluation of the anomalous magnetic moment of the muon within the
standard model. It was subsequently shown that a sign error in one of the theoretical contributions
was responsible for a sizable part of this discrepancy, which eventually only amounted to 1.6 o.
However, this event had the merit to draw the attention to the fact that low energy but high
precision experiments represent real potentialities, complementary to the high energy accelerator
programs, for evidencing possible new degrees of freedom, supersymmetry or whatever else, beyond
those described by the standard model of electromagnetic, weak, and strong interactions.

Clearly, in order for theory to match such an accurate measurement [in the meantime, the relative
error has even been further reduced, to 0.7 ppm], calculations in the standard model have to be
pushed to their very limits. The difficulty is not only one of having to compute higher orders
in perturbation theory, but also to correctly take into account strong interaction contributions
involving low-energy scales, where non perturbative effects are important, and which therefore
represent a real theoretical challenge.

The purpose of this account is to give an overview of the main features of the theoretical calculations
that have been done in order to obtain accurate predictions for the anomalous magnetic moments of
the electron and of the muon within the standard model. There exist several excellent reviews of the
subject, which the interested reader may consult. As far as the situation up to 1990 is concerned,
the collection of articles published in Ref. [1] offers a wealth of information, on both theory and
experiment. A very useful account of earlier theoretical work is presented in Ref. [2]. Among the
more recent reviews, Refs. [3, 4, 5, 6] are most informative. I shall not touch on the subject of the
study of new physics scenarios which might offer an explanation for a possible deviation between
the standard model prediction of the magnetic moment of the muon and its experimental value.
For this aspect, I refer the reader to [7] and to the articles quoted therein, or to [8].

2 General considerations

In the context of relativistic quantum mechanics, the interaction of a pointlike spin one-half particle
of charge e, and mass m, with an external electromagnetic field A4, (z) is described by the Dirac
equation with the minimal coupling prescription,

o

ih i [ca . (—ihV — e—c(A) + Bmec® + ep Ao | . (2.1)
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In the non relativistic limit, this reduces to the Pauli equation for the two-component spinor ¢
describing the large components of the Dirac spinor 1,

ha_go _ (—ihv—(el/C)A)2 _ ech
! ot 2my 2myc

o-B + e Ay p. (2.2)

As is well known, this equation amounts to associate with the particle’s spin a magnetic moment,

ey o
M; = , S=h—, 2.
gt <2mgc> S,5=h 2 (23)

with a gyromagnetic ratio predicted to be g, = 2.

In the context of quantum field theory, the response to an external electromagnetic field is described
by the matrix element of the electromagnetic current ' 7? [spin projections and Dirac indices are
not written explicitly]

(- "H1TP0)|e (p)) = d@"T’ (", p)ulp), (2.4)
with [k, = p;L — Pyl

') = BN + 5o ()0 ky — Fs(k)150" k. (2:5)

This expression of the matrix element (¢~ (p’)|J?(0)|¢~ (p)) is the most general that follows from
Lorentz invariance, the Dirac equation for the two spinors, (¥ —m)u(p) = 0, G(p")(p' — m) = 0,
and the conservation of the electromagnetic current, (9 J) (x) = 0. The two first form factors,
Fi(k?) and Fy(k?), are known as the Dirac (or electric) form factor and the Pauli (or magnetic)
form factor, respectively. Since the electric charge operator Q is given, in units of the charge e;, by

Q = /dxjg(xo,x), (2.6)

the form factor Fj(k?) satisfies the normalization condition Fy(0) = 1. The presence of the form
factor F3(k?) requires both parity and time reversal invariance to be broken. It is therefore absent
if only electromagnetic interactions are considered. On the other hand, in the standard model, the
weak interactions violate both parity and time reversal symmetry, so that they may induce such a
form factor.

The analytic structure of these form factors is dictated by general properties of quantum field theory
[causality, analyticity, and crossing symmetry]. They are real functions of k2 in the spacelike region
k* < 0. In the timelike region, they become complex, with a cut starting at k? > 4m?. At k* = 0,
they describe the residue of the s-channel pole in the S-matrix element for elastic (¢~ scattering.

At tree level, i.e. in the classical limit, one finds
Fltree(kZ) -1, F2tree(k2) -0, three(k2) -0. (2.7)

In order to obtain non zero values for Fy(k?) and F3(k?) already at tree level, the interaction of the
Dirac field with the photon field A, would have to depart from the minimal coupling prescription.
For instance, the modification [F,, = 0,A, — 0, Ay, TP = YyPY]

e
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= -2 [, (2.8)

n the standard model, [7” denotes the total electromagnetic current, with the contributions of all the charged
elementary fields in presence, leptons, quarks, electroweak gauge bosons,...
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with 2 5 5
T = Tp — 2—Walau (¢Uup¢) - d_éela“ (wi"%o’up"b) s (2'9)

leads to R N ~
Fltree(k2) — 1, F2tree(k2) =ay, F3tree(k2) — dz/eg. (2_10)

The equation satisfied by the Dirac spinor ¢ then reads

. 6¢ o . €y 2
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and the corresponding non relativistic limit becomes 3

. 3_(,9 N (—iﬁV—(eg/C)A)2 _ egh ) )
ih 5 { Sy g (I1+ap)o-B-E + e/Ay + ®. (2.12)

Thus the coupling constant a, induces a shift in the gyromagnetic factor, g, = 2(1 + ay), while d
gives rise to an electric dipole moment. The modification (2.8) of the interaction with the photon
field introduces two arbitrary constants, and both terms produces a non renormalizable interaction.
Non constant values of the form factors could be generated at tree level upon introducing [9]
additional non renormalizable couplings, involving derivatives of the external field of the type
0" A, which preserve the gauge invariance of the corresponding field equation satisfied by . In
a renormalizable framework, like QED or the standard model, calculable non vanishing values for
Fy(k?) and F3(k?) are generated by the loop corrections. In particular, the latter will likewise
induce an anomalous magnetic moment

1
Ay = 5(‘9( — 2) = FQ(O) (2.13)
and an electric dipole moment d; = ey F3(0).

If we consider only the electromagnetic and the strong interactions, the current 77 is gauge invari-
ant, and the two form factors symmetry F (k?) and F»(k?) do not depend on the gauges chosen in
order to quantize the photon and the gluon gauge fields. This is no longer the case if the weak inter-
actions are included as well, since [J” now transforms under a weak gauge transformation, and the
corresponding form factors in general depend on the gauge choices. As we have already mentioned
above, the zero momentum transfer values F;(0), i = 1,2, 3 describe a physical S-matrix element.
To the extent that the perturbative S-matrix of the standard model does not depend on the gauge
fixing parameters to any order of the renormalized perturbation expansion, the quantities F;(0)
should define bona fide gauge-fixing independent observables.

The computation of I',(p’,p) is often a tedious task, especially if higher loop contributions are
considered. It is therefore useful to concentrate the efforts on computing the form factor of interest,
e.g. F»(k?) in the case of the anomalous magnetic moment. This can be achieved upon projecting

out the different form factors [10, 11] using the following general expression *
Fi(k*) = tr[A7 (p",p)(B" +mo)T, (0", p) (B +me)] (2.14)
with
1 1 3my 1
AP(p’ - = p oy 200 ! P

2The current 77 is still a conserved four-vector, therefore the matrix element (£~ (p’)\jp(O)M*(p)) also takes
the form (2.4), (2.5), with appropriate form factors F; (k2).

3Terms involving the gradients of the external fields E and B or terms nonlinear in these fields are not shown.

4From now on, I most of the time use the system of units where h =1, ¢ = 1.
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The last expression behaves as ~ 1/k as the external photon four momentum £, vanishes, so that
one may worry about the finiteness of F»(0) obtained upon using Eq. (2.14). This problem is solved
by the fact that T'?(p’, p) satisfies the Ward identity

(p' =p),I’(',p) = 0, (2.18)

following from the conservation of the electromagnetic current. Therefore, the identity

0
Fp(plap) = _kUaTFU(pI7p) (219)
p

provides the additional power of k£ which ensures a finite result as &k, — 0.

The presence of three different interactions in the standard model naturally leads one to consider
the following decomposition of the anomalous magnetic moment a,:

ag = a?ED + abad 4 greak (2.20)
By a?ED, I denote all the contributions which arise from loops involving only virtual photons and

leptons. Among these, it is useful to distinguish those which involve only the same lepton flavour
¢ for which we wish to compute the anomalous magnetic moment, and those which involve loops
with leptons of different flavours, denoted collectively as ¢’ [a = €2 /4],

aQED — S 4 (9)n + STB(, 0 (9)” . 2.21
¢ T; - ; (€.0) (= (2.21)
The second type of contribution, a}}ad
limited to the short distance scales, and a is an intrinsically non perturbative quantity. From a
theoretical point of view, this represents a serious difficulty. Finally, at some level of precision, the
weak interactions can no longer be ignored, and contributions of virtual Higgs or massive gauge
boson degrees of freedom induce the third component a}’eak. Of course, starting from the two loop
level, a hadronic contribution to a}’eak will also be present. The remaining of this presentation is

devoted to a detailed discussion of these various contributions.

involves also quark loops. Their contribution is far from being
had
‘

Before starting this guided tour of the anomalous magnetic moments of the massive charged leptons
of the standard model, it is useful to keep in mind a few simple and elementary considerations:

e The anomalous magnetic moment is a dimensionless quantity. Therefore, the coefficients A,
above are universal, i.e. they do not depend on the flavour of the lepton whose anomalous magnetic
moment we wish to evaluate.
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e The contributions to ay of degrees of freedom corresponding to a typical scale M > m, decouple
[12], i.e. they are suppressed by powers of m,/M .5

e The contributions to a, originating from light degrees of freedom, characterized by a typical scale
m & my are enhanced by powers of In(mg/m). At a given order, the logarithmic terms that do not
vanish as mg¢/m — 0 can often be computed from the knowledge of the lesser order terms and of
the 8 function through the renormalization group equations [15, 16, 17, 18].

These general properties already allow to draw a few elementary conclusions. The electron being
the lightest charged lepton, its anomalous magnetic moment is dominantly determined by the
values of the coefficients A,,. The first contribution of other degrees of freedom comes from graphs
involving, say, at least one muon loop, which occurs first at the two-loop level, and is of the order
of (m?/m,)?(a/w)? ~ 10710 The hadronic effects, i.e. “quark and gluon loops”, characterized by
a scale of ~ 1 GeV, or effects of degrees of freedom beyond the standard model, which may appear
at some high scale M, will be felt more strongly, by a considerable factor (m,,/m.)? ~ 40000, in
a, than in a.. Thus, a. is well suited for testing the validity of QED at higher orders, whereas a,,
is more appropriate for detecting new physics. If we follow this line reasoning, a, would even be
better suited for finding evidence of degrees of freedom beyond the standard model. Unfortunately,
the very short lifetime of the 7 lepton [, ~ 3 x 107%s] makes a sufficiently accurate measurement,
of a, impossible at present.

3 Brief overview of the experimental situation

3.1 Measurements of the magnetic moment of the electron

The first indication that the gyromagnetic factor of the electron is different from the value g, = 2
predicted by the Dirac theory came from the precision measurement of hyperfine splitting in
hydrogen and deuterium [19]. The first measurement of the gyromagnetic factor of free electrons
was performed in 1958 [20], with a precision of 3.6%. The situation began to improve with the
introduction of experimental setups based on the Penning trap. Some of the successive values
obtained over a period of forty years are shown in Table 1. Technical improvements, eventually
allowing for the trapping of a single electron or positron, produced, in the course of time, an
enormous increase in precision which, starting from a few percents, went through the ppm [parts
per million] levels, before culminating at 4 ppb [parts per billion] [21] in the last of a series of
experiments performed at the University of Washington in Seattle. The same experiment has also
produced a measurement of the magnetic moment of the positron with the same accuracy, thus
providing a test of CPT invariance at the level of 10712,

Ge-/ge+ = 1 4+ (0.5£2.1) x 1012, (3.1)

An extensive survey of the literature and a detailed description of the various experimental aspects
can be found in [22]. The earlier experiments are reviewed in [23].

3.2 Measurements of the magnetic moment of the muon

The anomalous magnetic moment of the muon has also been the subject of quite a few experiments.
The very short lifetime of the muon, 7, = (2.19703+0.00004) x 10~%s, makes it necessary to proceed
in a completely different way in order to attain a high precision. The experiments conducted at
CERN during the years 1968-1977 used a muon storage ring [for details, see [31] and references
quoted therein]. The more recent experiments at the AGS in Brookhaven are based on the same

5In the presence of the weak interactions, this statement has to be reconsidered, since the necessity for the
cancellation of the SU(2) x U(1l) gauge anomalies transforms the decoupling of, say, a single heavy fermion in a
given generation, into a somewhat subtle issue [13, 14].
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Table 1: Some experimental determinations of the electron’s anomalous magnetic moment a, with
the corresponding relative precision.

0.00119(5) 42%  [24]
0.001165(11) 1% [25]
0.001 116(40) 3.6%  [20]
0.0011609(24) 2100 ppm  [26]
0.001 159 622(27) 23 ppm  [27]
0.001 159 660(300) 258 ppm  [28]
0.0011596577(3 5) 3ppm  [29]
0.00115965241(20) 172 ppb  [30]
0.0011596521884(43)  4ppb  [21]

concept. Pions are produced by sending a proton beam on a target. The pions subsequently decay
into longitudinally polarized muons, which are captured inside a storage ring, where they follow a
circular orbit in the presence of both a uniform magnetic field and a quadrupole electric field, the
latter serving the purpose of focusing the muon beam. The difference between the spin precession
frequency and the orbit, or synchrotron, frequency is given by

Wy — W = mi {a“B - [a” - 1_172] ﬂ/\E} : (3.2)

uC

Therefore, if the Lorentz factor v is tuned to its “magic” value v = /1+1/a, = 29.3, the
measurement of w; — w, and of the magnetic field B allows to determine a,. The spin direction
of the muon is determined by detecting the electrons or positrons produced in the decay of the
muons with an energy greater than some threshold energy F;. The number of electrons detected
decreases exponentially in time, with a time constant set by the muon’s lifetime, and is modulated
by the frequency ws — we,

N.(t) = Noe {1 + Acos[(ws — we)t + B]} . (3.3)

Table 2: Determinations of the anomalous magnetic moment of the positively charged muon from
the storage ring experiments conducted at the CERN PS and at the BNL AGS.

0.00116616(31) 265 ppm [32]
0.001165895(27) 23 ppm  [33]
0.001165911(11) 10 ppm  [34]
0.001165925(15) 13 ppm  [35]
0.0011659191(59) 5 ppm  [36]
0.0011659202(16) 1.3 ppm  [37]
0.0011659203(8) 0.7 ppm  [38]

Several experimental results for the anomalous magnetic moment of the positively charged muon,
obtained at the CERN PS or, more recently, at the BNL AGS, are recorded in Table 2. Notice
that the relative errors are measured in ppm units, to be contrasted with the ppb level of accuracy
achieved in the electron case. The four last values in Table 2 were obtained by the E821 experiment
at BNL. They show a remarkable stability and a steady increase in precision, and now completely
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dominate the world average value. Further data, for negatively charged muons ¢ are presently being
analyzed. The aim of the Brookhaven Muon (g - 2) Collaboration is to reach a precision of 0.35
ppm, but this will depend on whether the experiment will receive financial support to collect more
data or not.

3.3 Experimental bounds on the anomalous magnetic moment of the 7 lepton

As already mentioned, the very short lifetime of the 7 precludes a measurement of its anomalous
magnetic moment following any of the techniques described above. Indirect access to a, is provided
by the reaction ee~ — 777~ 5. The results obtained by OPAL [39] and L3 [40] at LEP only provide
very loose bounds,

—0.052 < a, < 0.058 (95%C.L.)
—0.068 < a, < 0.065 (95%C.L.) (3.4)

respectively.

We shall now turn towards theory, in order to see how the standard model predictions compare
with these experimental values. Only the cases of the electron and of the muon will be treated
in some detail. The theoretical aspects as far as the anomalous magnetic moment of the 7 are
concerned are discussed in [41].

4 The anomalous magnetic moment of the electron

We start with the anomalous magnetic moment of the lightest charged lepton, the electron. Since
the electron mass m, is much smaller than any other mass scale present in the standard model,
the mass independent part of a?ED dominates its value. As mentioned before, non vanishing

contributions appear at the level of the loop diagrams shown in Fig. 1.

NN

Figure 1: The perturbative expansion of I'?(p’,p) in single flavour QED. The tree graph gives
Fy =1, F5, = F3 = 0. The one loop vertex correction graph gives the coefficient 4; in Eq. (2.21).
The cross denotes the insertion of the external field.

4.1 The lowest order contribution

The one loop diagram gives

4
L2 (0" D)1 1oop = (—ie)Z/ (3754'}%(15"" d+me)y’ (B+ o + me)y"

y i i (—i)
(p'+q)?—m2 (p+q?—-m2 ¢

6The CERN experiment had also measured a,— =0.001165937(12) with a 10 ppm accuracy, giving the average
value a;, = 0.001 165 924(8.5), with an accuracy of 7 ppm.

(4.1)




100 M. Knecht Séminaire Poincaré

The form factor Fy(k?) is obtained by using Egs. (2.14) and (2.15) and, upon evaluating the
corresponding trace of Dirac matrices, one finds

) _ e 32m? / d'q 1 1 l
toop = 1 G — a2 | oo 0P mE pr 0P - 2
x [-3K(p-q)® + 2K°mZ(p-q) + K’miq® — mi(k-q)®] . (4.2)

Then follow the usual steps of introducing two Feynman parameters, of performing a trivial change
of variables and a symmetric integration over the loop momentum ¢, so that one arrives at

2 _ .
k )|1100p = je2 4m2 / dxx/ dy/ 7 —R2)

{2x(1 —z)m} — 4 y?(k*)? + m2k’x <3xy —y+ %x)]

e? 2m? ! |

e d dy —

= (k2—4mz>2/0 “’”/ 'R
3

1
X {21‘(1 —z)mt — Zx2y2(k2)2 + m2k?x <3x;y —y+ 51‘)] , (4.3)

with
R? = 2%y(1 —y)(2m? — k) + 22y’m? + 22(1 —y)*m?. (4.4)

€

As expected, the limit k2> — 0 can be taken without problem, and gives

1«
ael1 100p = F2(0) =5 (4.5)

|1 loop

Let us stress that although the integral (4.1) diverges, we have obtained a finite result for Fy(k?),
and hence for a., without introducing any regularization. This is of course expected, since a di-
vergence in, say, F»(0) would require that a counterterm of the form given by the second term in
Eintv see Eq. (2.8), be introduced. This would in turn spoil the renormalizability of the theory. In
fact, as is well known, the divergence lies in F} (0), and is absorbed into the renormalization of the
electron’s charge.

+ sym

Figure 2: The Feynman diagrams which contribute to the coefficient As in Eq. (2.21).

4.2 Higher order mass independent corrections

The previous calculation is rather straightforward and amounts to the result
A = = (4.6)

first obtained by Schwinger [42]. Schwinger’s calculation was soon followed by a computation of
A, [43], which requires the evaluation of 7 graphs, representing five distinct topologies, and shown
in Fig. 2. Historically, the result of Ref. [43] was important, because it provided the first explicit
example of the realization of the renormalization program of QED at two loops. However, the
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value for A, was not given correctly. The correct expression of the second order mass independent
contribution was derived in [44, 45, 46] (see also [47, 48]) and reads ”

197 1 3
A2 = m+<5—31n2> <(2)+Z<(3)
= —0.328478965... (4.7)
with ((p) = Z 1/nP, ((2) = 72 /6. The occurrence of transcendental numbers like zeta functions
n=1

or polylogarithms is a general feature of higher order calculations in perturbative quantum field
theory. The pattern of these transcendentals in perturbation theory has also been put in relationship
with other mathematical structures, like knot theory.

The analytic evaluation of the three-loop mass independent contribution to the anomalous magnetic
moment required quite some time, and is mainly due to the dedication of E. Remiddi and his
coworkers during the period 1969-1996. There are now 72 diagrams to consider, involving many
different topologies, see Fig. 3.

Figure 3: The 72 Feynman diagrams which make up the coefficient Az in Eq. (2.21).

The calculation was completed [49] in 1996, with the analytical evaluation of a last class of diagrams,
the non planar “triple cross” topologies. The result reads

87 215 100 1 1
A3 = —7° - — — —In*2) - =7?I?2
3 =T ¢(3) 51 ¢(5) + 3 [(a4+24 n ) 5" In
239 , 139 298 , 17101 , 28259
- —(3)— —7m"In2+ —— —_—
260" 1B T g T M e T T S
= 1.181241456... (4.8)
7Actually, the experimental result of Ref. [25] disagreed with the value Ay = —2.973 obtained in [43], and

prompted theoreticians to reconsider the calculation. The result obtained by the authors of Refs. [44, 45, 46]
reconciled theory with experiment.

8The completion of this three-loop program can be followed through Refs. [50]-[55] and [49]. A description of the
technical aspects related to this work and an account of its status up to 1990, with references to the corresponding
literature, are given in Ref. [56].
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oo
1
where ? a, = E S The numerical value extracted from the exact analytical expression given
n

n=1
above can be improved to any desired order of precision.

In parallel to these analytical calculations, numerical methods for the evaluation of the higher order
contributions were also developed, in particular by Kinoshita and his collaborators (for details, see
[57]). The numerical evaluation of the full set of three loop diagrams was achieved in several steps
[58]-[64]. The value quoted in [64] is A3 = 1.195(26), where the error comes from the numerical
procedure. In comparison, let us quote the value [65, 57] A3 = 1.176 11 (42) obtained if only a
subset of 21 three loop diagrams out of the original set of 72 is evaluated numerically, relying on
the analytical results for the remaining 51 ones, and recall the value A3 = 1.181 241 456... obtained
from the full analytical evaluation. The error induced on a, due to the numerical uncertainty in
the second, more accurate, value is still A(a.) = 5.3 x 10712, whereas the experimental error is
only A(ae)|exp = 4.3 x 10712, This discussion shows that the analytical evaluations of higher loop
contributions to the anomalous magnetic moment, of the electron have a strong practical interest
as far as the precision of the theoretical prediction is concerned, and which goes well beyond the
mere intellectual satisfaction and technical skills involved in these calculations. °

At the four loop level, there are 891 diagrams to consider. Clearly, only a few of them have
been evaluated analytically [66, 67]. The complete numerical evaluation of the whole set gave
[65] Ay = —1.434(138). The development of computers allowed subsequent reanalyzes to be more
accurate, i.e. A4 = —1.557(70) [68], while the “latest of [these] constantly improving values” is [4]

Ay = —1.5098(384). (4.9)

Needless to say, so far the five loop contribution As is unknown territory. On the other hand,
(/)% ~ 7 x 107!, so that one may reasonably expect that, in view of the present experimental
situation, its knowledge is not yet required.

4.3 Mass dependent QED corrections

We now turn to the QED loop contributions to the electron’s anomalous magnetic moment in-
volving the heavier leptons, u and 7. The lowest order contribution of this type occurs at the two
loop level, O(a?), and corresponds to a heavy lepton vacuum polarization insertion in the one loop
vertex graph, cf. Fig. 4. Quite generally, the contribution to a, arising from the insertion, into the
one loop vertex correction, of a vacuum polarization graph due to a loop of lepton ¢’, reads [69, 70]

11
L[> am?, t+2m2, ! 2(1 -
Ba(t,0") = _/ dt,/l_ﬂw/ PR Gl (4.10)
3 4mf, t t 0 IL‘2+(1—$)W

2

If m¢s > my, the second integrand can be approximated by x?m?/t, and one obtains [72]

1 my 2 my 3
B N = _— ' . 4.11
2 (0, L") 5 (m£’> + 0 (m£’> , Myt > my ( )

9The first three values are known to be a1 = In 2, as = Li2(1/2) = (¢(2)—In%2)/2, a3 = %C(S)f %C(2) In 2+% In® 2
[56].

101t is only fair to point out that the numerical values that are quoted here correspond to those given in the
original references. It is to be expected that they would improve if today’s numerical possibilities were used.

LA trivial change of variable on ¢ brings the expression (4.10) into the form given in [69, 70]. Furthermore, the
analytical result obtained upon performing the double integration is available in [71].
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% b3

e m e v e u

Figure 4: The insertion of a muon vacuum polarization loop into the electron vertex correction
(left) or of an electron vacuum polarization loop into the muon vertex correction (right).

Numerically, this translates into [3] [m. = 0.51099907(15) MeV, m,, /m. = 206.768273(24), m, =
1777.05(26)]

Bs(e, 1) 5.197 x 1077
Bsy(e,7) = 1.838x10°°. (4.12)

For later use, it is interesting to briefly discuss the structure of Eq. (4.10). The quantity which
appears under the integral is related to the cross section for the scattering of a ¢*¢~ pair into a
pair (£")T(¢")~ at lowest order in QED,

tte ' )~ 471’042 4m2,
((QED_N )*(en) )(s) = %2 1— sl (s 4+ 2m2,), (4.13)
so that
1 [ ,
By(l;0") = 3 / ) dtK ()R (1), (4.14)
4me,
where
21—z
/ dx x2 = x)) —, (4.15)
and RUY")(¢) is the lowest order QED cross section USTEZ__)(ZI)HF)_)( ) divided by the asymptotic

form of the cross section of the reaction ete™ — pu*pu~ for s > m?, (e+e e )( )= %.
The three loop contributions with different lepton flavours in the loops are also known analytically
[73, 74]. Tt is convenient to distinguish three classes of diagrams. The first group contains all the
diagrams with one or two vacuum polarization insertion involving the same lepton, u or 7, of the
type shown in Fig. 5. The second group consists of the leptonic light-by-light scattering insertion
diagrams, Fig. 6. Finally, since there are three flavours of massive leptons in the standard model,
one has also the possibility of having graphs with two heavy lepton vacuum polarization insertions,
one made of a muon loop, the other of a 7 loop. This gives

Bs(e,0) = BY ™) (e;) + BY P (esm) + BV () + B (e57) + BY P (e5,7) . (4.16)

The analytical expression for Bév'p')(e; u) can be found in Ref. [73], whereas [74] gives the corre-
sponding result for B?ELXL) (e; u). For practical purposes, it is both sufficient and more convenient

to use their expansions in powers of m./my,,,

2
23 (my\ 2 , 10117
BIVP) (. _ [ Me _ 1 b\ _ 22
» e =) [T ) T B s
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4
e 19 5 /m,\ 14233 [m,\ 49 11, 2976691
Me) |22 - 1 2T 0(3) — o
+ <mu> [2520 " (me 132300 " U ) T 765 ~95™ * 206352000
6
+ O l(m) ]
My
- —0.000 021 768... (4.17)

12 6

Figure 5: Three loop QED corrections with insertion of a heavy lepton vacuum polarization which
make up the coefficient Bév'p')(e; 1.

and [74]
2
3 19
B P (esn) = <ﬁ> {—4(3)——]
3 mu) |2 16
4
m 161, 5 (m,\ 16180 (m,\ 13 161 , 831931
e bty | HE) T n 22 —Z0(3) — 2 _
* <mu> { 810 <m> 48600 n(me)+18<() 9720" 972000
+ 0

= 0.0000143945... (4.18)

/ N\
6

Figure 6: The three loop QED correction with the insertion of a heavy lepton light-by-light scat-
tering subgraph, corresponding to the coefficient BéLXL) (e; ).

The expressions for Bév'p') (e; ) and BéLXL) (e; 7) follow upon replacing the muon mass m, by m..

This again gives a suppression factor (m, /m)?, which makes these contributions negligible at the
present level of precision. For the same reason, B?(,V'p') (e; u,7) can also be discarded.
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4.4 Other contributions to a,

In order to make the discussion of the standard model contributions to a. complete, there remains
to mention the hadronic and weak components, al®d and a¥°** respectively. Their features will

be discussed in detail below, in the context of the anomalous magnetic moment of the muon. I

therefore only quote the numerical values 2

ah®d = 167(3) x 107'2, (4.19)
and [75]

a¥e® = 0.030 x 102 (4.20)

4.5 Comparison with experiment and determination of «

Summing up the various contributions discussed so far gives the standard model prediction [3, 4, 7]

2 3 4
aSM = 0.5% — 0.32847844400 (%) + 1.181234017 (%) — 1.5098(384) (%) +1.70% 10712,

(4.21)
In order to obtain a number that can be compared to the experimental result, a sufficiently accurate
determination of the fine structure constant « is required. The best available measurement of the
latter comes from the quantum Hall effect [76],

a~'(¢H) = 137.036003 00(2 70) (4.22)

and leads to
aSM(gH) = 0.001159 652153 5(240) (4.23)

about six times less accurate than the latest experimental value [21]
ag® = 0.0011596521884(4 3). (4.24)

On the other hand, if one excludes other contributions to a. than those from the standard model
considered so far, and believes that all theoretical errors are under control, then the above value
of ag™® provides the best determination of o to date,

a~'(a.) = 137.03599958(52) . (4.25)

5 The anomalous magnetic moment of the muon

In this section, we discuss the theoretical aspects concerning the anomalous magnetic moment of
the muon. Since the muon is much heavier than the electron, a, will be more sensitive to higher
mass scales. In particular, it is a better probe for possible degrees of freedom beyond the standard
model, like supersymmetry. The drawback, however, is that a, will also be more sensitive to the
non perturbative strong interaction dynamics at the ~ 1 GeV scale.

121 reproduce here the values given in [3, 4], except for the fact that I have taken into account the changes in the
value of the hadronic light-by-light contribution to a,, see below, for which I take a{**™ = 48(4) x 10-1°, and

which translates into aéLXL) ~ aELLXL)(me/m#)2 =0.02 x 10712,
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5.1 QED contributions to

As already mentioned before, the mass independent QED contributions to @, are described by the
same coefficients A,, as in the case of the electron. We therefore need only to discuss the coefficients
B, (u; ") associated with the mass dependent corrections.

For my: <« my, Eq. (4.10) gives [69, 70, 71]

1 m 25 3m me > m me me \?
Bo(t;0") = 2ln [ —£) -2 4 22 —4 [ 24) m((2£) +3(2£) +0 1,
3 My 36 2 My mye myr myr myr
(5.1)
which translates into the numerical values [3]
Bo(u;e) = 1.004 258 204(37) (5.2)
By (p; ) = 0.00078059(23) . (5.3)

Although these numbers follow from an analytical expression, there are uncertainties attached to
them, induced by those on the corresponding values of the ratios of the lepton masses.

The three loop QED corrections decompose as

Bs(u,€) = BYP) (use) + BY P (w7) + B8V () + BV (1) + BY P (e, ). (5.4)

with [73, 74]
2 m 2 1 31 m
BWYP) (o) = 22 (e iMoo+ I+ 2 (2
3 (M?e) 9 n me + C(S) 37T n +97T +27 n me
11, 2., ., 8 1, 5 o 25 , , 1075
ot Ze2?2 — Zg, — —Int2 — 222 — =0
toeT T 9" ™ 3% T gt 30(3) + 37 In2 — om + ooe
me [_13 , 16 , 3199
In2+4 oo
+mu[ 8T "o ™At 00" ]
2 -
me\2 T10 o (my\ 11, [mu\ 14 , 49 , 131
Me ) | D2 (Do) - S (2e) 2202 i B b
+<m> _3n(me g\, ) 3T 2 AB T
3 -
4, (m 35 16 5771
220y (M 298 20 29 2000 o
+< ) 37 n<m6>+12 37 771080 ]
n 4 251 3 My 13691 2 (My
my L9 Me 180 Me
29 ., 7496, [m
2 472 In2 — =72 — In( —£
@)+ " " or5 ) n<m8>
43 , 8 ., .. 80 10 ,. 411 89 , 1061 , 274511
_ 22 S22 + & Znte - 23 In?2 — -
108 9" Tty TR 864 " 54000
5
+0[<m8) ] (5.5)
My
2 m 59 10 2
B oy = 22 (M) L 59 4 _ 10, 2
3o (o) = gm (Do) 4 g™~ 3B) - 3 3
e [éﬂjln (ﬂ> 196 2 n2+ 42471'2}
my 3 Me 3 9
2 2
Me 2. 3 (my, ™ 20, , o (M 16 4 32 2 my,
Me) |22 T _ 2 43y — 22 —1
+<mu> [ 3" <m> (=3 ) g™ T4 -3 I,
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18" T 12
3
N <1) [Eﬂn <m> _ E,rz]
my 9 Me 9
4
m 7 m 41 m 13 m 517 m
e 3 [ 2& p? 2 b B a2 bl P B/}
+<mu) [9 t <me)+18 t <me)+ 9" n(me)+108 n(me)

1 191 , 13283 me "
+§C(3)+2—167r +—2592] + O{(m) ], (5.6)

2, 283]

while Bgv'p') (u;7) and BgLXL) (u; 7) are derived from Bgv'p')(,u; 7) and from BgLXL) (u; 7), respec-
tively, by trivial substitutions of the masses. Furthermore, the graphs with mixed vacuum polar-
ization insertions, one electron loop, and one 7 loop, are evaluated numerically using a dispersive
integral [51, 73, 77].

Numerically, one obtains (we quote here the numerical values updated in [3])

B P (use) = 1.9204551(2)
BéLXL)(u;e) = 20.9479246(7)
Bgv.p-)(M;T) = —0.0017822(4)
BV () = 0.0021428(7)
Bév'p')(u;eaT) = 0.0005276(2) . (5.7)
Notice the large value of BéLXL) (u;e), due to the occurrence of terms involving factors like

In(m, /m.) ~ 5 and powers of =.

5.2 Hadronic contributions to a,

On the level of Feynman diagrams, hadronic contributions arise through loops of virtual quarks
and gluons. These loops also involve the soft scales, and therefore cannot be computed reliably
in perturbative QCD. We shall decompose the hadronic contributions into three subsets: hadronic
vacuum polarization insertions at order a?, at order a®, and hadronic light-by-light scattering,

aBad _ aELh.v.p. y 4 aELh.v.p. 2) a&h. LxL) (5.8)

5.2.1 Hadronic vacuum polarization

We first discuss aELh'V'p' 1), which arises at order O(a?) from the insertion of a single hadronic

vacuum polarization into the lowest order vertex correction graph, see Fig. 7. The importance of
this contribution to a, is known since long time [78, 79].

There is a very convenient dispersive representation of this diagram, similar to Eq. (4.10)

a(Bv-p- D E/ ﬂ[((t)lImH(t)
T Janmz ™
1 a2 [ dt . had
- - (= — K(t)R™(t :
L) /M - K(OR™(1), (5.9)

Here, TI(t) denotes the hadronic component of the vacuum polarization function, defined as '3

(Gt — P I(Q?) = i / dhee ™ (QT{j, (1)1, (0)}]9) (5.10)

13 Actually, TI(t) defined this way has an ultraviolet divergence, produced by the QCD short distance singularity
of the chronological product of the two currents. However, it only affects the real part of II(¢). A renormalized, finite
quantity is obtained by a single subtraction, II(¢) — II(0).
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H

Figure 7: The insertion of the hadronic vacuum polarization into the one loop vertex correction,

Corresponding to a[(}l.v.p, 1).

with j, the hadronic component of the electromagnetic current, Q* = —¢* > 0 for ¢,, spacelike, and
|Q) the QCD vacuum. The function K () was defined in Eq. (4.15), and R"d(#) stands now for the

Yo putu-
cross section of ete~ — hadrons, at lowest order in a, divided by o'5 ¢ ~* * )(s) = 4’;‘;2. A first
principle computation of this strong interaction contribution is far beyond our present abilities to
deal with the non perturbative aspects of confining gauge theories. This last relation is however very

interesting because it expresses aELh'V'p' b through a quantity that can be measured experimentally.

In this respect, two important properties of the function K(¢) deserve to be mentioned. First,

it appears from the integral representation (4.15) that K(t) is positive definite. Since Re+.— is

also positive, one deduces that a&h'v'p' D itself is positive. Second, the function K (t) decreases as

mi /3t as t grows, so that it is indeed the low energy region which dominates the integral. Explicit

evaluation of a,(Lh'v'p' b using available data actually reveals that more than 80% of its value comes

from energies below 1.4 GeV. Finally, the values obtained this way for a&h'v'p' D have evolved in
time, as shown in Table 3. This evolution is mainly driven by the availability of more data, and
is still going on, as the last entries of Table 3 show. In order to match the precision reached by
the latest experimental measurement of a,, a&h'v'p' D heeds to be known at ~ 1%. Besides the
very recent high quality ete™ data obtained by the BES Collaboration [80] in the region between
2 to 5 GeV, and by the CMD-2 collaboration [81] in the region dominated by the p resonance,
the latest analyses sometimes also include or use, in the low-energy region, data obtained from
hadronic decays of the 7 by ALEPH [82], and, more recently, by CLEO [83]. We may notice from
Table 3 that the precision obtained by using ete™ data alone has become comparable to the
one achieved upon including the 7 data. However, one of the latest analyses reveals a troubling
discrepancy between the eTe™ and 7 evaluations. Additional work is certainly needed in order to
resolve these problems. Further data are also expected in the future, from the KLOE experiment at
the DAPHNE ete™ machine, or from the B factories BaBar and Belle. For additional comparative
discussions and details of the various analyses, we refer the reader to the literature quoted in Table
3.

Lh.v.p. 1) For

this purpose, it is convenient to introduce still another representation [93], which relates a&h'v'p' b

to the hadronic Adler function A(Q?), defined as '

Let us briefly mention here that it is quite easy to estimate the order of magnitude of a

) 2 o] 2
AQ*) = —Q2% = /0 dt(H_QTQ)Q %Iml’[(t), (5.11)

by
2

abvp- 1) = o2 (3)2/01 d—x(l—x)(Z—x)A( : mi) . (5.12)

T T 1—2

M Unlike TI(t) itself, A(Q?) if free from ultraviolet divergences.



Vol. 2, 2002 The Anomalous Magnetic Moments of the Electron and the Muon 109

Table 3: Some of the recent evaluations of a&h'v'p' D 51071 from ete and/or 7-decay data.
7024(153) [84] ete™
7026(160) [85] ete™
6950(150) [86] ete~
7011(94) [86] T, eTe,
6951(75) [87] T1,ete”, QCD
6924(62) [88] T, ete”, QCD
[89] QCD sum rules
7036(76)  [41] T,eTe”, QCD
7002(73)  [90] ete™, Fy
6974(105) [91] ete™, incl. BES-II data
6847(70)  [92] ete, incl. BES-IT and CMD-2 data
7019(62)  [92] T, ete”
6831(62) [94] ete

A simple representation of the hadronic Adler function can be obtained if one assumes that ImTI(t)
is given by a single, zero width, vector meson pole, and, above a certain threshold sg, by the QCD
perturbative continuum contribution,

2 Ne

1 2
ZImI(t) = = f2M26(t — M? L
—m (t) 3fv vo( v)+312ﬂ2

14+ O(as)] 8(t — s0) (5.13)
The justification [95] for this type of minimal hadronic ansatz can be found within the framework
of the large-N¢ limit [96, 97] of QCD, see Ref. [95] for a general discussion and a detailed study
of this representation of the Adler function. The threshold sy for the onset of the continuum can
be fixed from the property that there is no contribution in 1/Q? in the short distance expansion
of A(Q?), which requires [95]

N, 3 a,(s

This then gives [98] at" P 1) ~ (5704 170) x 1010, which compares well with the more elaborate

data based evaluations in Table 3, even though this simple estimate cannot claim to provide the
required accuracy of about 1%.

+ +...

H H H

Figure 8: Higher order corrections containing the hadronic vacuum polarization contribution, cor-

responding to a&h'v'p' 2,
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We now come to the O(a?) corrections involving hadronic vacuum polarization subgraphs. Besides
the contributions shown in Fig. 8, another one is obtained upon inserting a lepton loop in one of
the two photon lines of the graph shown in Fig. 7. These can again be expressed in terms of R4
[99, 2, 77]

1 sa\3 [ dt
(hvp.2) _ L (& -(2) had
a, =3 (71-) AM,% — KW (@#)R™(¢t) . (5.15)

Unlike K (t), the function K () (t) is not positive definite, so that the sign of af,h'v'p' ?) is not fixed on
the basis of general considerations. The value obtained for this quantity is [77] af,h'v'p' 2 x 10" =

—101 £ 6.

5.2.2 Hadronic light-by-light scattering

We now discuss the so called hadronic light-by-light scattering graphs of Fig. 9. Actually, there is
another O(a?) correction involving the amplitude for virtual light-by-light scattering, namely the
one obtained by adding an additional photon line attached to the hadronic blob in Fig. 7. This
contribution is usually included in the evaluations reported on in Table 3 [see the discussion in
[92]], otherwise, it has been added. The reason for that is due to the fact that the measured ete™
data contain QED effects, and do not correspond to the cross section of eTe™ — hadrons restricted
to the lowest order in a. It is possible to compute and subtract away QED corrections involving
the leptonic vertex, but there still remain radiative corrections between the final state hadrons, or
which affect both the initial and the final states. These cannot be evaluated in a model independent
way, and are not completely described by attaching a photon loop to the hadronic blob in Fig. 7.

=
H

+  permutations

(h. LXL)

Figure 9: The hadronic light-by-light scattering graphs contributing to a, .

Coming back to the diagram of Fig. 9, the contribution to I',(p’,p) of relevance here is the ma-
trix element, at lowest nonvanishing order in the fine structure constant «, of the light quark
electromagnetic current

o) = S(@u)(E) - 3@ @) - 2(5759)@) (5.16)

between p~ states,

(—ie)i(p )T WD) (p’, p)u(p)

(™ (p")(e)p(0) 1 (p))
/ d'q / d*q» (—i)3
@emt ) @2m)* ¢ 6 (@ + g —k)?
(p'=q)>=m? (p' — @1 — ¢2)> —m?
x (—ie)*T(p )y (' — s + m)v" (B'— di— d> + m)y u(p)
x (ie) T (@1, 02,k — 1 — @2) (5.17)

X
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with k, = (p' — p), and

Muvap (1,62, 03) /d4$1/d4$2/d4$3 eilarmtaz ratas ws)
X QO T{Gu (1) (22)1x (23)75(0)} [ 2) (5.18)

the fourth-rank light quark hadronic vacuum-polarization tensor, | Q) denoting the QCD vacuum.
Since the flavour diagonal current j, (2) is conserved, the tensor II,,,x,(¢1, g2, ¢3) satisfies the Ward
identities

{al'; a5 035 (@1 + @2 + 43)° Muunp (1,42, 93) = 0. (5.19)
This entails that

1
ﬁ(pI)FE,h' LxL) (pl7p)u(p) — ﬁ(pl) [vafh. LxL) (k2) + 5 O_kaTF2(h. LxL) (k2) u(p) : (520)
as well as Ff,h' LxL) (p',p) = kTFg;' LxL) (p',p) with
d'q d*qs 1
a(p") I LXL) (1 g — e / /
W = pule) Cr)t ) Crlt FE v B
1 1
X
(p’ 1)2—m2 (p —q1 — q2)? —m?
x(p" )y (' = dv +m)y” (B = i~ d> +m)y u(p)
0
X%HuuAa(qlaQ%k_ql —q). (5.21)

Following Ref. [58] and using the property k”k"ﬁ(p')[‘f,}(l,' LxL) (p’,p)u(p) = 0, one deduces that
Fl(h' LxL) (0) = 0 and that the hadronic light-by-light contribution to the muon anomalous magnetic

moment is equal to

h. LxL o
a0 = D 0) = —a{@+mb" I +mr P ep)} . (522)
This is about all we can say about the QCD four-point function II,,x,(¢1,¢2,¢3). Unlike the

hadronic vacuum polarization function, there is no experimental data which would allow for an

evaluation of aELh IXL) The existing estimates regarding this quantity therefore rely on specific

models in order to account for the non perturbative QCD aspects. A few particular contributions
can be identified, see Fig. 10. For instance, there is a contribution where the four photon lines
are attached to a closed loop of charged mesons. The case of the charged pion loop with pointlike
couplings is actually finite and contributes ~ 4 x 107'% to a,, [100]. If the coupling of charged pions
to photons is modified by taking into account the effects of resonances like the p, this contribution
is reduced by a factor varying between 3 [100, 102] and 10 [101], depending on the resonance model
used. Another class of contributions consists of those involving resonance exchanges between photon
pairs [100, 101, 102, 103]. Although here also the results depend on the models used, there is a
constant feature that emerges from all the analyses that have been done: the contribution coming
from the exchange of the pseudoscalars, 7%, n and n' gives practically the final result. Other
contributions [charged pion loops, vector, scalar, and axial resonances,...] tend to cancel among
themselves.

Some of the results obtained for a(h LXL) 101" have been gathered in Table 4. Leaving aside the

first result [99, 2] shown there, which is affected by a bad numerical convergence [100], one notices
that the sign of this contribution has changed twice. The first change resulted from a mistake

15We use the following conventions for Dirac’s y-matrices: {Yusw} = 204w, with 9y, the flat Minkowski space
metric of signature (+ — ——), ouw = (i/2)[Vu, V], 15 = i7°y1 7273, whereas the totally antisymmetric tensor &, o
is chosen such that £g123 = +1.
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= " TCO,/X ’-‘ ot
_ % + S A +...
//%\\ B ﬁ%;\ § &Hﬁ
/ NS 3 N/ AN

Figure 10: Some individual contributions to hadronic light-by-light scattering: the neutral pion
pole and the charged pion loop. There are other contributions, not shown here.

in Ref. [100], that was corrected for in [101]. The minus sign that resulted was confirmed by an
independent calculation, using the ENJL model, in Ref. [102]. A subsequent reanalysis [103] gave
additional support to a negative result, while also getting better agreement with the value of Ref.
[102].

(h. LxL)
n

Table 4: Various evaluations of a x 107" and of the pion pole contribution

.0
G/E,,h' LxL;x%) % 10-11

-260(100) constituent quark loop [99, 2]
+60(4) constituent quark loop [100]
+ 0 (h. LXL;ﬂ'O)
+49(5) m*loop, 7° and resonance poles, a;, = 65(6) [100]
~52(18) 7% loop, 7° and resonance poles,
(h. LxL;x%) _
and quark loop ay = —55.60(3) [101]
.0 1’
-92(32) ENJL, o TXLm 0 — _g5(13) [102]
-79.2(15.4) 7+ loop, ©° pole and quark loop, a&h' LxLin®) _ —55.60(3)  [103]
+83(12) 7%, n and ' poles only [104]
0
+89.6(15.4) 7F loop, 7 pole and quark loop, af,h' LxLin®) = +55.60(3)  [105]
0 1
+83(32) ENJL, a{f T min) — g5(13) 106]

Needless to say, these evaluations are based on heavy numerical work, which has the drawback
of making the final results rather opaque to an intuitive understanding of the physics behind
them. We 16 therefore decided to improve things on the analytical side, in order to achieve a

better understanding of the relevant features that led to the previous results. Taking advantage
(h. LxL;x%)

of the observation that the pion pole contribution a, was found to dominate the final
values obtained for a&h' LXL), we concentrated our efforts on that part, that I shall now describe

in greater detail. For a detailed account on how the other contributions to alt- TXD)

the reader to the original works [100]-[103].

arise, I refer

The contributions to IT,,x,(¢1, ¢2, ¢3) arising from single neutral pion exchanges, see Fig. 11, read

0  Froyens (47503) Froyeye (a3, (@1 + @2 + q3)°)
nr ) (ar,gqs) = i 2(ql -:;zgz Y, Suvad 4705 Expor 03 (01 + )7
™

i fﬂov*v* (Q%a (QI +q + Q3)2) -7:7r°7*'y* (q%, q%)
(42 +q3)> — M2

upas (02 + B3)° evror G565

16 A. Nyffeler and myself, in Ref. [104].
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i Fr0nsnyr (q%,q%) -7:7r°*y*’y* (q%a (1 + g2+ q3)2)
(@1 +q3)? — M2

+

EnaB 0105 Cupor a3 (@1 +q3)7 .

(5.23)

—-——d

Figure 11: The pion-pole contributions to light-by-light scattering. The shaded blobs represent the
form factor Fro,«y«. The first and second graphs give rise to identical contributions, involving
the function T7(q1,qe;p) in Eq. (5.25), whereas the third graph gives the contribution involving
Ta(q1,42;p)-

The form factor Fro,«.«(q},¢3), which corresponds to the shaded blobs in Fig. 11, is defined
as

i/d4xeiq.m<Q|T{ju(x)ju(0)}|7ro(p)> = Euvap qapﬁ -7:7r0’y*’y* (q27 (p - Q)2) ) (5'24)

with Froqey (67, 43) = Froqenx (g3, q}). Inserting the expression (5.23) into (5.21) and computing
the corresponding Dirac traces in Eq. (5.22), we obtain

Qb IxLin®) ee/ dq / d*qs 1
g @2mt ) 2n)* da(a + @) l(p+ ¢)? —m?(p — )? — m?]

X fWO’Y*’Y*(qfv (1 + Q2)2) Froynyx (q;O)
@ — M2
Tty (@, 63) Faoner- (@1 +02)%,0)
(1 +q2)? — M2

Ti(q1,q2;p)

To(q1,q2;p) | (5.25)

where T1(q1, q2; p) and T>(q1, g2; p) denote two polynomials in the invariants p-qi, p-¢2, g1 -g2. Their
expressions can be found in Ref. [104]. The former arises from the two first diagrams shown in Fig.
11, which give identical contributions, while the latter corresponds to the third diagram on this
same figure. At this stage, it should also be pointed out that the expression (5.23) does not, strictly
speaking, represent the contribution arising from the pion pole only. The latter would require that
the numerators in (5.23) be evaluated at the values of the momenta that correspond to the pole
indicated by the corresponding denominators. For instance, the numerator of the term proportional
to T1(q1,¢2;p) in Eq. (5.25) should rather read Froy ey (q7, (¢ + 2¢1 - @2 + MZ2) Froyenys (M2,0)
with g3 = M2. However, Eq. (5.25) corresponds to what previous authors have called the pion pole
contribution, and for the sake of comparison I shall adopt the same definition.

From here on, information on the form factor Fr o, .« (¢2,q3) is required in order to proceed. The
simplest model for the form factor follows from the Wess-Zumino-Witten (WZW) term [107, 108]
that describes the Adler-Bell-Jackiw anomaly [109, 110] in chiral perturbation theory. Since in this
case the form factor is constant, one needs an ultraviolet cutoff, at least in the contribution to
Eq. (5.25) involving T}, the one involving T» gives a finite result even for a constant form fac-
tor [100]. Therefore, this model cannot be used for a reliable estimate, but at best serves only
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illustrative purposes in the present context.'” Previous calculations [100, 101, 103] have also used
the usual vector meson dominance form factor [see also Ref. [111]]. The expressions for the form
factor o0+« based on the ENJL model that have been used in Ref. [102] do not allow a straight-
forward analytical calculation of the loop integrals. However, compared with the results obtained
in Refs. [100, 101, 103], the corresponding numerical estimates are rather close to the VMD case
[within the error attributed to the model dependence]. Finally, representations of the form factor
Froyxyx, based on the large-N¢ approximation to QCD and that takes into account constraints
from chiral symmetry at low energies, and from the operator product expansion at short distances,
have been discussed in Ref. [112] . They involve either one vector resonance [lowest meson dom-
inance, LMD] or two vector resonances (LMD+V), see [112] for details. The four types of form
factors just mentioned can be written in the form [F} is the pion decay constant]

F, 1
Froysqs (¢}, 45) = 3 {f('ﬁ) - Z WgMVi (a})| - (5.26)
My, &2 Vi

For the VMD and LMD form factors, the sum in Eq. (5.26) reduces to a single term, and the
corresponding function is denoted gar, (¢?). It depends on the mass My of the vector resonance,
which will be identified with the mass of the p meson. For our present purposes, it is enough to

consider only these two last cases, along with the constant WZW form factor. The corresponding
functions f(¢?) and gar, (¢°) are displayed in Table 5.

Table 5: The functions f(q?) and gas, (¢°) of Eq. (5.26) for the different form factors. N¢ is the

number of colors, taken equal to 3, and F; = 92.4 MeV is the pion decay constant. Furthermore,

_ N¢ My
Ccy = 475 72 -

f(a?) gmy (¢%)
W ZW —%%% 0
R
e i =

We may now come back to Eq. (5.25). With a representation of the form (5.26), the angular
integrations can be performed, using for instance standard Gegenbauer polynomial techniques
(hyperspherical approach), see Refs. [113, 114, 56]. This leads to a two-dimensional integral repre-
sentation:

a/gh. LxLix%) _ (%)3 [agzr";l) _,_al(jr"ﬂ)] , (5.27)

affo?l) _ /0 dQl/O dQ> |wy, (Q1,Q2) fM(QF,Q3)

+ wgl (MV7Q17Q2) gg&:/ (Q%vQ%) ) (528)

"In the context of an effective field theory approach, the pion pole with WZW vertices represents a chirally
suppressed, but large- N dominant contribution, whereas the charged pion loop is dominant in the chiral expansion,
but suppressed in the large-N¢ limit.
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o = / aQ, / szl S wn(M.Q1.Q) ¢ (Q3.03)| . (5.29)

M=Mz,My

The functions f()(Q?,Q3), 95\}11/( 2.Q3%), 95\2 (Q?,Q3) and gg\j:/( 2.Q3) are expressed in terms
of the functions given in Table 5, see Ref. [104], where the universal [for the class of form factors
that have a representation of the type shown in Eq. (5.26)] weight functions w in Eqs. (5.28) and
(5.29) can also be found. The latter are plotted in Fig. 12.

" (Q,Q) W, (4,Q,.Q)

R 0.06 -

0.04 -

Figure 12: The weight functions appearing in Egs. (5.28) and (5.29). Note the different ranges
of @; in the subplots. The functions wy, and w,, are positive definite and peaked in the region
Q1 ~ Q2 ~ 0.5 GeV. Note, however, the tail in wy, in the Q;-direction for Q)2 ~ 0.2 GeV. The
functions wg, (My, Q1,Q2) and wg, (Mv,Q1,Q2) take both signs, but their magnitudes remain
small as compared to wy, (Q1,Q2) and wy, (My,Q1, Q2). We have used My = M, = 770 MeV.

The functions wy, and wy, are positive and concentrated around momenta of the order of 0.5 GeV.
This feature was already observed numerically in Ref. [102] by varying the upper bound of the
integrals [an analogous analysis is contained in Ref. [101]]. Note, however, the tail in wy, in the
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Q1 direction for @2 ~ 0.2 GeV. On the other hand, the function w,, has positive and negative
contributions in that region, which will lead to a strong cancellation in the corresponding integrals,
provided they are multiplied by a positive function composed of the form factors [see the numerical
results below]. As can be seen from the plots, and checked analytically, the weight functions vanish
for small momenta. Therefore, the integrals are infrared finite. The behaviors of the weight functions
for large values of @1 and/or ()2 can also be worked out analytically. From these, one can deduce

(U
that in the case of the WZW form factor, the corresponding, divergent, integral for a,(f D behaves,

as a function of the ultraviolet cut off A, as affo;l) ~ Cln® A, with [104]

= 3(Ne (M) o0s (5.30)
- T \12rn F.) 7 ' '

The log-squared behavior follows from the general structure of the integral (5.28) for a,(fo;l) in
the case of a constant form factor, as pointed out in [5]. The expression (5.30) of the coefficient
C has been derived independently, in Ref. [115], through a renormalization group argument in the
effective theory framework.

0. 0.
Table 6: Results for the terms aff ’1), aff 2) and for the pion exchange contribution to the anoma-

0
lous magnetic moment alﬁ' Ly according to Eq. (5.27) for the different form factors considered.

In the WZW model we used a cutoff of 1 GeV in the first contribution, whereas the second term
is ultraviolet finite.

Form factor affo;l) affoa) alr IXLim? 1010
WzZw 0.095 0.0020 12.2
VMD 0.044 0.0013 5.6
LMD 0.057 0.0014 7.3

In the case of the other form factors, the integration over Q; and @2 is finite and can now be
performed numerically. ¥ Furthermore, since both the VMD and LMD model tend to the WZW
constant form factor as My — oo, the results for affo;l) in these models should scale as CIn* M2
for a large resonance mass. This has been checked numerically, and the value of the coefficient
C obtained that way was in perfect agreement with the value given in Eq. (5.30). The results of
the integration over (Q; and s are displayed in Table 6. They definitely show a sign difference
when compared to those obtained in Refs. [100, 101, 103, 111], although in absolute value the
numbers agree perfectly. After the results of Table 6 were made public [104], previous authors
checked their calculations and soon discovered that they had made a sign mistake at some stage
[105, 106]. Almost simultaneously, the results presented in Table 6 and in Refs. [104, 115] also
received independent confirmations [117, 116].

The analysis of [104] leads to the following estimates

al T’ — 5.8(1.0) x 10710, (5.31)

and .
al LT — 51 % 10714, (5.32)

Taking into account the other contributions computed by previous authors, and adopting a conser-
vative attitude towards the error to be ascribed to their model dependences, the total contribution
to a, coming from the hadronic light-by-light scattering diagrams amounts to

alr BXL = g(4) x 10710, (5.33)

81n the case of the VMD form factor, an analytical result is now also available [116].
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5.3 Electroweak contributions to a,

Electroweak corrections to a, have been considered at the one and two loop levels. The one loop
contributions, shown in Fig. 13, have been worked out some time ago, and read [118]-[122]

2 2 2 2 2
W _ Ge M5 L ynte)? v o (g M2 ) 4o [ D og Vi 5.34
a = 75 &2 3+3( sin® Oy )~ + M% 0g —s = + 5P og o , (5.34)

where the weak mixing angle is defined by sin® @y = 1 — M2, /M2.

X X X

/ N / H \

Figure 13: One loop weak interaction contributions to the anomalous magnetic moment.

Numerically, with G = 1.16639(1) x 10> GeV ™2 and sin? 8y = 0.224,

an W = 19.48 x 10710, (5.35)

It is convenient to separate the two—loop electroweak contributions into two sets of Feynman graphs:
those which contain closed fermion loops, which are denoted by aEW(2) i , and the others, agw(m b
In this notation, the electroweak contribution to the muon anomalous magnetic moment, is

EW _ W() | EWEE  EW)b

a,” =ay "+ ay + ay (5.36)

I shall review the calculation of the two—loop contributions separately.

5.3.1 Two loop bosonic contributions

The leading logarithmic terms of the two—loop electroweak bosonic corrections have been extracted
using asymptotic expansion techniques, see e.g. Ref. [123]. In the approximation where sin® 6y — 0
and My ~ My these calculations simplify considerably and one obtains

2 2 2
Ew@2)b _ Gr M, « 65 My, .2 My,
au = ﬁ 8? ; X |:—31 m—i + O Sin 0W ln m—i . (537)

In fact, these contributions have now been evaluated analytlcally, in a systematlc expansion in
2 2

powers of sin? By, up to O[(sin” fyy)%], where ln—m terms, 1 , M2 =] , %2
H

terms and constant terms are kept [75]. Using sin? t‘)W = 0.224 and My = 250 GeV, the authors
of Ref. [75] find

2 2 2
EW(2)ib _ Gr My o mMw | g9l = G M (@ -
a = 555 1 { 5.96In = W 1 0.19 \[Sﬂ (F) % (=79.3), (5.38)

showing, in retrospect, that the simple approximation in Eq. (5.37) is rather good.
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5.3.2 Two loop fermionic contributions

The discussion of the two—loop electroweak fermionic corrections is more delicate. First, it contains
a hadronic contribution. Next, because of the cancellation between lepton loops and quark loops in
the electroweak U (1) anomaly, one cannot separate hadronic effects from leptonic effects any longer.
In fact, as discussed in Refs. [124, 125], it is this cancellation which eliminates some of the large
logarithms which, incorrectly were kept in Ref. [126]. It is therefore appropriate to separate the
two—loop electroweak fermionic corrections into two classes: One is the class arising from Feynman
diagrams containing a lepton or a quark loop, with the external photon, a virtual photon and a
virtual Z° attached to it, see Fig. 14.'® The quark loop of course again represents non perturbative
hadronic contributions which have to be evaluated using some model. This first class is denoted

by aEW(z);f(ﬁ; q). It involves the QCD correlation function

Wp(,F) = / dhr e / dty =0V QT L, (1) AP (1)1, (0)}1) (5.39)

with £ the incoming external photon four-momentum associated with the classical external mag-
netic field. As previously, j, denotes the hadronic part of the electromagnetic current, and AE,Z)
is the axial component of the current which couples the quarks to the Z° gauge boson. The other
class is defined by the rest of the diagrams, where quark loops and lepton loops can be treated

EW(Z);f(

separately, and is called aj,

¥ v
3 P
L, o,
// t \\
u// p'-q \ H// p+q \

' \

p p p p
W(Q);f(

residual).

Figure 14: Graphs with hadronic contributions to aE ¢, q) and involving the QCD three point

function W, (g, k).

The contribution from aEW(z);f(residual) brings in factors of the ratio m?/MZ,. It has been esti-
mated, to a very good approximation, in Ref. [125], with the result

2 2 2
EWR)H L osidqual) — OF o @ 1 omi o ome TN 4
au (reSIdua) \/5 87]'2 - X 281112 ew 8 MI%V og M‘%V 3 + Higgs | » (5 0)

where Apiges denotes the contribution from diagrams with Higgs lines, which the authors of
Ref. [125] estimate to be

Apigee = —5.5+ 3.7, (5.41)
and therefore,
2
VO (pesidual) = % % s [=21(4)]. (5.42)
w2 T

191f one works in a renormalizable gauge, the contributions where the Z0 is replaced by the neutral unphysical
Higgs should also be included. The final result does not depend on the gauge fixing parameter £z, if one works in
the class of 't Hooft gauges.
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Let us finally discuss the contributions to aEW( if (¢; q). Here, it is convenient to treat the contri-

butions from the three generations separately The contribution from the third generation can be
calculated in a straightforward way, with the result [124, 125]

2 2 2 2 2
EW(2);f, _ Gr my, g 1 M7 N M7 —§l 8 MZl my
a ) = e T [ 3an m? 3 M2+3+O M2
GF mi (6]
=L £ _ % (-306). 5.43
V28 ( ) (543)

M2
in principle QCD perturbative corrections to thls estimate, which have not been calculated, but
the result in Eq. (5.43) is good enough for the accuracy required at present. The contributions of
the remaining charged standard model fermions involve the light quarks u and d, as well as the
second generation s quark, for which non perturbative effects tied to the spontaneous breaking of
chiral symmetry are important [124, 127]. The contributions from the first and second generation
are thus most conveniently taken together, with the result

In fact the terms of O ( Z In —) and O ( ) have also been calculated in Ref. [125]. There are

2 2
EW(2);f, G My M; 5
ap (evuvuadasac)—ﬁg_ﬂggx —31H—3—§
M3 Mz 11
~3In—Z +4In m§_€+§”2_8
12 c
T M%+2+O m’Q‘l M 1.38(35) + 0.06(2) ¢ (5.44)
‘mz .z _ .
3 mi 3 M% mu
GF mi O{
= —=- —34.5(4 5.45
2 71'2 T X[ ()]7 ( )

where the first line shows the result from the e loop and the second line the result from the u loop
and the ¢ quark, which is treated as a heavy quark. The term between brackets in the third line is
the one induced by the anomalous term in the hadronic three point function W,,,(g, k) The other
contributions have been estimated on the basis of an approximation to the large-N¢ limit of QCD,
similar to the one discussed for the two-point function II(Q?) after Eq. (5.12), see Ref. [127] for
details.

The result in Eq. (5.44) for the contribution from the first and second generations of quarks and
leptons is conceptually very different to the corresponding one proposed in Ref. [125],

2 2 2 9
EW(2)if cu.d _Grmy o —3In M_ 41n M__l M__§_6
e (lespindsc) V2 8% m? By my 2
M3 M2 MZ 11 8
6 —3In—Z +4ln—Z —In—Z — — 4 =r° — 6/(5.46)
m# mc ms 6 9
Gp m?
= 5 = x(-319). (5.47)

/3 8n?

where the light quarks are, arbitrarily, treated the same way as heavy quarks, with m, = mg =
0.3GeV, and mg = 0.5 GeV . Although, numerically, the two results turn out not to be too dif-
ferent, the result in Eq. (5.46) follows from an hadronic model which is in contradiction with
basic properties of QCD. This is at the origin of the spurious cancellation of the In Mz terms in
Eq. (5.46).
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Putting together the numerical results in Eqs. (5.38), (5.42), (5.43) with the new result in Eq. (5.44),
we finally obtain the value
Ge my [5 1 2
EW P " . 2
= TP e 12 4 (1 —4sin?0y)” — (
a, 75 8n° 3+3( sin” Oy )

which shows that the two—loop correction represents indeed a reduction of the one-loop result by
an amount of 23%. The final error here does not include higher order electroweak effects [128].

3) (165.4(4.0)] = 15.0(1) x 10710, (5.48)

™

5.4 Comparison with experiment

We may now put all the pieces together and obtain the value for a, predicted by the standard
model. We have seen that in the case of the hadronic vacuum polarization contributions, the latest
evaluation [92] shows a discrepancy between the value obtained exclusively from eTe™ data and
the value that arises if 7 data are also included. This gives us the two possibilities

aiM(ete™) = (11659169.1+7.5+4.0+0.3) x 107'°

aM(r) (11659186.3 6.2 + 4.0 £ 0.3) x 1010,

(5.49)

where the first error comes from hadronic vacuum polarization, the second from hadronic light-by-
light scattering, and the last from the QED and weak corrections. When compared to the present

experimental average
at™ = (11659203 + 8) x 10~ (5.50)

there results a difference,

a®P — aSM(ete) 33.9(11.2) x 1071,

17
a — aM(r) = 16.7(10.7) x 10717,

which represents 3.0 and 1.6 standard deviations, respectively.

Although experiment and theory have now both reached the same level of accuracy, ~ +8 x
1071 or 0.7 ppm, the present discrepancy between the eTe™ and 7 based evaluations makes the
interpretation of the above results a delicate issue as far as evidence for new physics is concerned.
Other evaluations of comparable accuracy [88, 90, 41] cover a similar range of variation in the
difference between experiment and theory. One possibility to come to a conclusion would be to
have the experimental result still more accurate, so that even the difference a, > — aEM (1) would
become sufficiently significant. In this respect, it is certainly very important that the Brookhaven
experiment is given the means to improve on the value of aj, ", bringing its error down to ~
+4 x 107'% or 0.35 ppm. Furthermore, the value obtained for aEM(e+e_) relies strongly on the
low-energy data obtained by the CMD-2 experiment, with none of the older data able to check
them at the same level of precision. In this respect, the prospects for additional high statistics
data in the future, either from KLOE or from BaBar, are most welcome. On the other hand, if the
present discrepancy in the evaluations of the hadronic vacuum polarization finds a solution in the
future, and if the experimental error is further reduced, by, say, a factor of two, then the theoretical
uncertainty on the hadronic light-by-light scattering will constitute the next serious limitation on
the theoretical side. It is certainly worthwhile to devote further efforts to a better understanding of
this contribution, for instance by finding ways to feed more constraints with a direct link to QCD
into the descriptions of the four-point function I, (g1, g2, ¢3)-

6 Concluding remarks

With this review, I hope to have convinced the reader that the subject of the anomalous magnetic
moments of the electron and of the muon is an exciting and fascinating topic. It provides a good
example of mutual stimulation and strong interplay between experiment and theory.
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The anomalous magnetic moment of the electron constitutes a very stringent test of QED and
of the practical working of the framework of perturbatively renormalized quantum field theory at
higher orders. It tests the validity of QED at very short distances, and provides at present the best
determination of the fine structure constant.

The anomalous magnetic moment of the muon represents the best compromise between sensitivity
to new degrees of freedom describing physics beyond the standard model and experimental feasibil-
ity. Important, progress has been achieved on the experimental side during the last couple of years,
with the results of the E821 collaboration at BNL. The experimental value of a, is now known
with an accuracy of 0.7ppm. Hopefully, the Brookhaven experiment will be given the opportunity
to reach its initial goal of achieving a measurement at the 0.35 ppm level.

As can be inferred from the examples mentioned in this text, the subject constitutes, from a theo-
retical point of view, a difficult and error prone topic, due to the technical difficulties encountered
in the higher loop calculations. The theoretical predictions have reached a precision comparable
to the experimental one, but unfortunately there appears a discrepancy between the most recent
evaluations of the hadronic vacuum polarization according to whether 7 data are taken into ac-
count or not. Hadronic contributions, especially from vacuum polarization and from light-by-light
scattering, are responsible for the bulk part of the final uncertainty in the theoretical value aEM.
Further efforts are needed in order to bring these aspects under better control.
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